Introduction
In gas film lubrication problems under submicron or less clearance conditions, flows in the gas films cannot be dealt with as continuum flows because the molecular mean free path is not negligible compared with the clearances. Accordingly, they must be treated as rarefied gas flows based on the kinetic theory. Typical examples are the start/stop operations of hydrodynamic gas-lubricated bearings or flying head sliders employed in magnetic disk storages. One of the most important parameters in the kinetic theory is the Knudsen number, Kn, defined as the ratio of the molecular mean free path to the characteristic length of the flow, or the clearance in the lubrication problems.
Burgdorfer [1] , who first introduced the concept of the kinetic theory to the field of gas film lubrication, derived an approximation equation called the modified Reynolds equation using a slip flow velocity boundary condition for a small Knudsen number: Kn « 1 [2] . Recently, Hsia [3] proposed a higher order approximation equation for larger Knudsen numbers than the range for Burgdorfer's equation by considering both the first-and second-order slip flows.
To investigate the applicability of Burgdorfer's modified equation to ultra-low clearances, many experiments have been carried out by means of flying head sliders for magnetic disk storages [3] [4] [5] [6] [7] . Hsia and Domoto [3] , and Mitsuya and Ohkubo [6] obtained experimental data demonstrating the applicability of the equation to a Knudsen number range up to 2.5 and 3, respectively. On the other hand, Odaka et al. [7] obtained experimental data showing that application is possible for a range up to 1 at most, and also found that Hsia's approximation equation is appropriate for high Knudsen numbers.
As both equations in these discussions were originally derived from the consideration of the slip flow boundary condition for Kn <K 1, the physical justification of their applicabilities to high Knudsen number regions is not clear, even if the numerical results coincide with experimental results.
To accurately examine the applicability of the modified Reynolds equation to ultra-low clearances, it has become essential to establish a generalized gas film lubrication equation for arbitrary Knudsen numbers and to compare the lubrication characteristics calculated through the equation with those obtained from the approximate equations.
Along these lines, Gans [8] , who first treated the linearized Boltzmann equation as a basic equation, derived the approximate lubrication equation analytically using a successive approximation method. He concluded that Burgdorfer's modified Reynolds equation having the first-order velocity slip boundary condition is rationalized as being valid for arbitrary Knudsen numbers. To further clarify the validity of the successive approximation, however, a more accurate derivation from the equivalent basic equations to Gans' is necessary even with the aid of numerical calculations. In this paper, we describe the flows in the lubrication films including the thermal creep flows [2] in terms of the linearized Boltzmann equation. We subsequently derive the generalized Reynolds-type lubrication equation for arbitrary Knudsen numbers by calculating the mass flow rates of their fundamental flows. Finally, we numerically solve the equation even for high Knudsen numbers and examine the lubrication characteristics.
Derivation of the Generalized Lubrication Equation for Arbitrary Knudsen Numbers
As the slip flow theories are corrections to continuum flow valid only for small Knudsen numbers, the Boltzmann equation should be employed to examine the flow characteristics for arbitrary Knudsen numbers. The equation is approximated based on the assumption that the velocity distribution of the flow is nearly the same as that of an isotropic equilibrium state, in other words, the Mach number, defined as the ratio of a flow speed and a molecular speed, is much smaller than unity. Considering the flow rates of the lubrication flows calculated through a variational method, the generalized lubrication equation including a thermal creep flow, is obtained. [9] : df/dt + {jdf/dXj = (Collision term). This is an integrodifferential equation and the collision term is generally complicated. By replacing the collision term with a term proportional to (f e -/), where f e is a well known Maxwellian distribution function for an isotropic equilibrium state, the BGK model equation is obtained. To make the equation easier, it is linearized based on the assumption that (I) The velocity distributions in lubrication films are nearly equal to those in the static isotropic equilibrium state.
This assumption is satisfied if the flow velocities are small enough compared with the molecular thermal velocities, that is, the Mach number is much smaller than 1 and temperature changes in the lubrication film are also small.
The basic geometry of the two-dimensional gas layer is outlined in Fig. 1 
This equation can be reduced to Gans' basic equation if we neglect the thermal distribution, that is, r = 0.
Here we propose an additional assumption: (III) Fluid particles reflect diffusely at boundaries.
The linearized boundary conditions for a diffuse reflection at boundaries (accommodation coefficient a = 1) can be expressed by means of nondimensional temperatures at the 
where
Here, the integrals extend over all values of f x and £ y and positive f, or negative £,., respectively. Let us now consider the case in which the boundary temperature has its gradient in the flow direction, and a temperature difference exists between the upper and lower boundaries. The nondimensional boundary temperatures, r" \ z=0 and T W l z=// are then given as where 7 is a nondimensional temperature gradient. If the temperature gradients at the lower and upper boundaries are different, we may examine the flow rate of the case in which 7 in equation (9) is replaced by their arithmatic average.
Consider the following similarity solution [10] as the solution to equation (5) 
we obtain the relations
Substituting equations (10) and (12) into equation (5) and decomposing the resultant equation into terms of X, f x and others, we obtain the equations for </> 0 , <j> l , and 4> 2 as (12) tf>o=">o+(f, 2 -^-) TO 
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the flow is verified as being isothermal everywhere (see Appendix 1), and
The basic equation for this case is expressed as
and the boundary conditions are equations (16) and (17) . The equations for this isothermal case are equivalent to Gans' basic equations. He obtained an approximate solution by means of the two-moment approximation method [11] . In this paper, we analytically decompose the basic equations into those which describe the fundamental flows, the flow rates of which have already been calculated accurately by other researchers. By means of the flow rates obtained, the generalized lubrication equation can be easily established using the conservation law of mass flows.
First, let us consider the supplemental equations for <j> 2 . It is easily confirmed that the basic equation (15) and boundary conditions (18) cause only the change of temperature distributions and no net flow. In other words, the temperature difference between the upper and lower boundaries does not influence the flow rate, nor therefore the lubrication characteristics. Hence, the flow rate of the lubrication flow can be obtained only by solving the equations for 4>\ • Let us then solve the equations for 0,. Substituting equation (13) into equation (14) and solving the equation under the boundary conditions (16) and (17), we obtain the following solution in terms of the undetermined speed V X (Z') in the X direction:
'^i exp (-^) forfc<0.
The flow speed in the X direction, V x , is calculated through the relation i +OO p+» |» + 00 -CO J -00 J -00
(24)
Carrying out the above integration with equations (22) and (23) according to whether f z is positive or negative, the integral equation for V X {Z) is expressed as
•i!>-.(^) [<"•<*•>-¥*
where T n (x) is an Abramowitz function [12] defined by
Equation (25) is the integral equation yielding the flow speed, V X (Z), in the lubrication region. Next, we decompose the flow speed, V X (Z), into those speeds which are dependent on the pressure gradient, /3, temperature gradient, y, and other quantities. For this purpose, we express V X (Z) in the form of *oY/ 1 VAZ)=Mii-* P ) + v 0 + c+ *f(-L-+ T ) (27) and substitute it into equation (25). We combine the terms of k 0 fi/2, k 0 y/2 and others, respectively, to obtain
Equations (28), (29), and (30) are only the integral equations satisfying respectively \j/ P , \j/ c , and \j/ T [13] [14] [16] , which give the velocities of the plane Poiseuille flow, V XP , Couette flow, V XC , and thermal creep flow, V XT , through the relations
Therefore, the flow speed, V x (Z), can be expressed as the sum of V XP , V xc , and V XT for arbitrary Knudsen numbers. Particularly if the boundary temperature is constant everywhere (j w = constant and AT W = 0), it can be expressed as the sum of V XP and V xc , as is the case in the conventional lubrication problem for continuum flow.
Derivation of the Generalized Lubrication Equation for
Arbitrary Knudsen Numbers. To obtain the generalized Reynolds-type lubrication equation, it is necessary to accurately estimate the mass flow rate, q, in the lubrication film and to utilize the mass flow conservation law. The flow speed, V x , and, therefore, the flow rate, q, can be expressed as the sum of those of the Poiseuille flow, Couette flow, and the thermal creep flow, as
where q P , q c , and q T , respectively, denote the mass flow rate of these flows.
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To obtain the total mass flow, q, in the lubrication film, we therefore concentrate our attention here on q P and q T . The flow profile and flow rate of the Poiseuille flow, V XP and q P , have already been calculated by Cercignani numerically [13] and semianalytically based on a variational principle [14] . Additionally, the flow rate of the thermal creep flow, q T , has already been semi-analytically obtained by Loyalka based on the variational principle [16] .
The nondimensional flow rate of the Poiseuille flow, Q P (D), and that of the thermal creep flow, Q T (D), are defined as
The analytical expressions obtained by Cercignani [14] and Loyalka [16] are provided in Appendices 2 and 3. The nondimensional parameter D in the above equations is an inverse Knudsen number defined as Z> = vV(2Kn)=l/A:
where D 0 is the characteristic inverse Knudsen number defined by the minimum film thickness, h 0 , and the ambient pressure, Here, Qcon is the flow rate of the continuum Poiseuille flow, whose relative flow rate is
By means of Q P (D) and Q T (D), the generalized lubrication equation based on the Boltzmann equation can then be expressed as
where A and T" are, respectively, the bearing number and the nondimensional boundary temperature. The first term of equation (43) denotes the flow rate of the Poiseuille flow, the second term is that of the thermal creep flow and the last term is that of the Couette flow. This equation has a form similar to that of the conventional compressible Reynolds equation except for the second term, which is particular to rarefied gas dynamics. The flow rates, Q P (D) and Q T (D), defined by equations (36) and (37) are explained in detail in the next section.
Up to this point we have considered the infinite width problem. Equation (43) can be extended to include that for the finite width and time dependent problem. The more generalized lubrication equation is
of where A is a vector denoting bearing number and a a squeeze number. If Q P and Q T in equation (44) 
Flow Rate Coefficients and Their Approximate Expressions
Accurate velocity profiles for Kn <K 1 are nearly equal to those obtained by solving the equations for continuum fluid under the slip flow boundary conditions, except in the boundary layer called the "Knudsen layer." The behavior of the system for Kn « 1, such as the velocity and the temperature field including Knudsen layer correction, can be easily obtained by Sone's asymptotic theory (generalized slip flow theory). This theory is derived by applying the systematic asymptotic analysis for Kn <3C 1 to the Boltzmann equation and can be applied to general rarefied gas flow problems. For more general slip conditions see [17] [18] [19] .
The slip flow theories employed in conventional gas film lubrication, however, have been those formulations based on the early stage results of the kinetic theory, and are usually applied even to Knudsen numbers higher than 1. The velocity boundary conditions proposed by Burgdorfer and Hsia are shown in Appendix 4.
In this section, we compare the results from these approximations with those from the Boltzmann equation. Burgdorfer's approximation is represented by the first-order slip approximation, while Hsia's approximation is represented by the second-order slip approximation. 
Velocity Profiles and Flow Rates of Fundamental
where the constants are given by [20] C PSl = 1.01619, C PS2 = 0.76632 and C PKi =0.23368.
Burgdorfer's first-order slip approximation, Q n , is greater than Q n by ^fka/2. Figure 3 presents the numerical results of the flow rate based on the Boltzmann equation, Q P , compared with Q Pl , Qp2, and Q con . Also shown in this figure to further understanding of the relations between the inverse Knudsen number, D, and the flow rates, Q P , is the converted value of the product of pressure, p, and film thickness, h, for air atmosphere. Additionally given as the first-order slip approximation is the flow rate with the accommodation coefficient a = 0.89 confirmed experimentally between glass and air [2] . 
The flow rate of the thermal creep flow, Q T , is given in Fig.  4 . As the inverse Knudsen number, D, increases, Q T tends toward zero, that is, there is no net flow in the case of the continuum flow.
Numerical Results of Lubrication Characteristics and Discussion
The characteristics of gas-lubricated slider bearings were numerically calculated using the generalized lubrication equation for the infinite width problem given in equation (43). In the calculations, we employed the finite difference method based on the divergence formulation method, direct simulation of the flow conservation, and the Newton-Raphson linearization method [21] . The nodal points for numerical calculation, equally spaced along the slider length, were as many as 100. All calculations were performed to double precision accuracy (sixteen significant digits.)
To clarify the basic lubrication characteristics, we fixed the parameters for the gas film configuration (plane wedge slider with clearance ratio of H l = 2), and examined the effects of the parameters, D 0 , and the bearing numbers, A, on the pressure distributions, P-l, and loading carrying capacities, W. 
Characteristics for Constant Boundary

(54)
When the inverse Knudsen number, D, approaches zero, the equation is reduced to Sr " dP -) ^log^oPff)../* 2 -j dXt
by means of equation (64). Equation (55) can be utilized to calculate the lubrication characteristics in the free molecular flow region. Additionally, when A is sufficiently small, and pressure, P, can be set to
the equation for P l is reduced to
Essentially, then, equation (57) is the basic equation when the gas behaves like an incompressible fluid.
The relation between the inverse Knudsen number, D 0 , and the load carrying capacity, W, is shown in Fig. 5 for the bearing number, A = 10. As D 0 decreases, the load carrying capacities, except that of the continuum flow, decrease and their differences become significant. These tendencies correspond to those of the flow rate of the PoiseuiUe flow, Q p , in Fig. 3 . The asymptotes for a small D 0 are given by equation (55).
In Figs. 6 and 7 , the relation between the bearing number, A, and the pressure distribution, P-\, and that between A and the load carrying capacity, W, are shown. When A is small, the differences among load carrying capacities are rather significant and Ws are linear to A. The asymptotes of the load carrying capacities for a small A are given by equation (57).
On the other hand, as the bearing number, A, increases, all the load carrying capacities approach the same asymptote which reduces their differences. This tendency corresponds to the mathematical fact that as A increases, pressure P converges on the solution for an infinite A, such that
The fact that the influences of the Knudsen number on the load carrying capacity decrease as the bearing number increases has been pointed out by Burgdorfer and other researchers. Here, we add a physical interpretation on this fact. From equation (53) In experiments to examine lubrication characteristics under the high Knudsen number condition, flying head sliders are being used for magnetic disk storages having a width-to-length ratio (b/l) of 0.1 or less. Here, the bearing numbers, A, or the modified bearing number, A b = A» (b/l) 2 , usually become very large. For instance, the A values defined by the minimum film thickness, h 0 , often reach into the thousands to hundreds of thousands [3] [6], and subsequently, A b reaches one thousand. The resultant load carrying capacities in such experiments are thought to be nearly equal to that for an infinite bearing number, and the Knudsen number influences are considered to be insignificant. To discuss the influence of A values in the experiments quantitatively, additional calculations are necessary for actual flying head sliders featuring finite width sliders. Fig. 8 the load carrying capacities in the same configuration as indicated in (59) Figure 9 shows W when the slider is inclined and the temperature gradient is a positive constant in the lubrication films. Figure 10 shows W when the slider is parallel to the lower boundary and the temperature gradient is positive for the left part and negative for the right part. In both cases, W increases and tends to reach a constant value as the inverse Knudsen number, D 0 , decreases. These kinds of additional load carrying capacities can not be predicted from the conventional lubrication theory for continuum flow.
Effects of Boundary Temperatures. In
Conclusion
A generalized Reynolds-type lubrication equation valid for arbitrary Knudsen numbers is derived by considering the mass flow conservation of the fundamental flows in lubrication films: PoiseuiUe flow, Couette flow, and thermal creep flow. These flows were numerically calculated from the linearized Boltzmann equation. Three principal results were obtained.
(1) The numerical results of lubrication characteristics under the high Knudsen number conditions reveal that Burgdorfer's modified Reynolds equation under the firstorder slip flow condition overestimates the load carrying capacities, while Hsia's approximation equation including both the first-and second-order slip flows underestimates them.
(2) As the bearing number increases, the flow rate of the Couette flow, which is independent of the Knudsen number, becomes dominant. Therefore, in the self-acting gas lubrication problems under high Knudsen number conditions, where the bearing number necessarily increases, the differences of the load carrying capacities given by the approximation equations and the Boltzmann equation are diminished. 
APPENDIX 1
[The proof that the flow having constant boundary temperature is isothermal.] We consider the following similarity solution as the solution of equation (5):
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Substituting equation (60) into (5) and decomposing the terms for X and others, we respectively obtain equations for </ > 0 and The function, Tn (x), is the Abramowitz function defined in equation (26). When D -0, Q P thus approaches the expression [13] Q P (D)--{\/yR)\ogD.
APPENDIX 3
The flow rate of the thermal creep flow, Q T (D), is expressed as [16] QrCD) =^-(-^-«3+^'«4)-&»(*>). 
APPENDIX 4
The velocity boundary condition yielding boundary speed, V XB employed by Burgdorfer [1] is K tfl =a.Kn.(3K x /aZ),
and a = c(2-a)/a, c=\.
where a is the accommodation coefficient at the boundary surface (0 < a < 1 in general). The velocity boundary condition including the second-order slip proposed by Hsia [3] is expressed only for a = 1 as
